
This is Episode 6 in the ECE Topics series. It covers complex numbers, phasors, and impedances - the necessary 
mathematical machinery for solving any "AC circuit". In keeping with other episodes on this channel, the goal is to 
understand circuits, and several practical examples are used as examples. While the math is covered rigorously, the 
pre-requisites needed are limited to algebra, and basic trig.

ECE Topic #6 – Complex Numbers, Phasors, 
Impedances, and Frequency Response

Slides downloaded from: https://ecefiles.org/ece-topics/

Companion video at: https://www.youtube.com/watch?v=3avBjiaAPBY
This material is provided by ecefiles.org for educational use only.

https://ecefiles.org/
https://www.youtube.com/watch?v=3avBjiaAPBY
https://ecefiles.org/
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Complex Numbers, Phasors,
Impedances and Frequency Response
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The How and Why

    as well as the Math …
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Application 1:  Signal Processing

From  ECE Topics - Episode 4 – Understanding Circuits

http://www.guitarnucleus.net/resources/schematics/Ampeg-AX70-Schematic.pdf
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Application 2:   RFI Filtering

From  ECE Topics - Episode 5 – Scopes, Mics, and Noise

0 – 20 MHz

100 kHz Lowpass Filter
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Application 3:  Radio/Wireless
From  Radio Design 101 

Episode 2- Impedance Matching
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Other Applications

• Power systems engineering

• Any (linear) circuit analysis involving 

time-varying voltages and currents 

• Fourier transforms, EM theory, and the 

physical universe in general  ☺ 
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Today’s Topics

•Complex Numbers and Operations

•Phasors, Impedance, and Circuit Analysis

•Plotting Frequency Response



ECEFILES.ORG 9

Lectures and Handouts
from Intro-EE University Course
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Complex Numbers
IMPORTANT NOTE:   The ECE field uses j instead of i for 

                               … because i is used for current ☺

−1
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Real-world Problem Set 1
Find the impedance Z of each circuit below, to three or four significant digits.

Express each in polar form, with angle in degrees.

Z = 

Z =

Z =

HINT:  Impedances in series add

@ 100 Hz:     

@ 1 KHz:     

@ 10 KHz:     

1 K - j 10 K

160 nF

1 K - j 1 K

160 nF

1 K - j 100

160 nF
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Problem Set 1

Solution

@ 100 Hz:     

@ 1 KHz:     

@ 10 KHz:     

1 K - j 10 K

160 nF

Z = 

1 K - j 1 K

160 nF

1 K - j 100

160 nF

1𝐸3 + −𝑗 10𝐸3 = 1𝐸3 2 + 1𝐸4 2 ∠ 𝑡𝑎𝑛−1
−1𝐸4

1𝐸3
= 1.01𝐸8∠ − 1.47 𝑟𝑎𝑑 
= 𝟏𝟎. 𝟎𝟓 𝑲 ∠ − 𝟖𝟒. 𝟑𝒐 

Z = 𝟏. 𝟒𝟏𝟒 𝑲 ∠ − 𝟒𝟓𝒐 

Z = 𝟏. 𝟎𝟎𝟓 𝑲 ∠ − 𝟓. 𝟕𝒐 

Re{Z}

Im{Z}
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Complex Number Operations
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Problem Set 2

HINT: Recall 𝒁 =
𝒁𝟏 𝒁𝟐

𝒁𝟏 + 𝒁𝟐

1 K
- j 10 K

160 n@ 100 Hz:     

@ 1 KHz:     

@ 10 KHz:     

1 K
- j 1 K

160 n

1 K
- j 100

160 n

Z = 

Z = 

Z = 
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Problem Set 2

Solution

1 K
- j 10 K

𝟏𝑬𝟑 −𝒋 𝟏𝟎𝑬𝟑  

𝟏𝑬𝟑 − 𝒋 𝟏𝟎𝑬𝟑
=

160 n@ 100 Hz:     

@ 1 KHz:     

@ 10 KHz:     

1 K
- j 1 K

160 n

1 K
- j 100

160 n

Z = 

Z = 

Z = 

𝟏𝑬𝟕∠ −𝟗𝟎𝒐  

𝟏𝟎. 𝟎𝟓𝑬𝟑 ∠ −𝟖𝟒. 𝟑𝒐 = 𝟗𝟗𝟓 ∠ −𝟓. 𝟕𝟏𝒐

707.1 ∠ −𝟒𝟓𝒐

9𝟗. 𝟓 ∠ −𝟖𝟒. 𝟑𝒐
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Today’s Topics

•Complex Numbers and Operations

•Phasors, Impedance, and Circuit Analysis

•Plotting Frequency Response
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Remember the Goal …

http://www.guitarnucleus.net/resources/schematics/Ampeg-AX70-Schematic.pdf

Analyze, understand, and design circuits !
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𝑉2

𝑉1

𝑅2

𝑅1

𝑉𝑠(𝑡)

+

_

+

_

𝑉1(t)

𝐶1

1

KCL-based “Nodal Analysis” at node 1 :

0

σ 𝐼𝑙𝑒𝑎𝑣𝑖𝑛𝑔−𝑛𝑜𝑑𝑒−1 = 0 

𝑽𝟏(𝒕) − 𝑽𝒔(𝒕)
𝟏

𝑹𝟐
+ 𝑽𝟏(𝒕)

𝟏

𝑹𝟏
+ 𝑪𝟏

𝒅𝑽𝟏(𝒕)

𝒅𝒕
= 𝟎

Brute Force Approach

Solve using differential equations and 

matrix algebra techniques

Painful for large circuits 

Use “Phasors” and “Impedances” 

instead !
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Phasors
Complex numbers represent the Magnitudes and Phases of 

sinewave voltages or currents in a circuit

𝑣𝑐(𝑡)

𝑖𝑐(𝑡)
+

_

t t

𝑖𝑐
𝑣𝑐 𝑉 sin 2𝜋𝑓𝑡 + 𝜃𝑉 𝐼 sin 2𝜋𝑓𝑡 + 𝜃𝐼

𝑉 = 𝑉 ∠𝜃𝑉 𝐼 = 𝐼 ∠𝜃𝐼

Phasors:

= 𝑉𝑟𝑒𝑎𝑙 +𝑗 𝑉𝑖𝑚𝑎𝑔 = 𝐼𝑟𝑒𝑎𝑙 +𝑗 𝐼𝑖𝑚𝑎𝑔

In “real” world:
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Reactance X  relates  V and I   Magnitudes

𝑣𝑐(𝑡)

𝑖𝑐(𝑡)
+

_

t t

𝑖𝑐
𝑣𝑐 𝑉 sin 2𝜋𝑓𝑡 + 𝜃𝑉 𝐼 sin 2𝜋𝑓𝑡 + 𝜃𝐼

𝑖𝑐 𝑡 = 𝐶
𝑑 𝑣𝑐 𝑡

𝑑𝑡
= 𝐶 𝑉 2𝜋𝑓 cos 2𝜋𝑓𝑡 + 𝜃𝑉 = 𝑉  2𝜋𝑓𝐶 sin 2𝜋𝑓𝑡 + 𝜃𝑉 + 90𝑜

𝐼 𝜃𝐼

From Physics:

𝐼 = 𝑉  2𝜋𝑓𝐶 𝑜𝑟 𝑉 = 𝐼
1

2𝜋𝑓𝐶 𝑋𝑐
Hence:
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Impedance Z  relates  V and I  Phasors

𝑖𝑐 𝑡 = 𝐶
𝑑 𝑣𝑐 𝑡

𝑑𝑡
= 𝐶 𝑉 2𝜋𝑓 cos 2𝜋𝑓𝑡 + 𝜃𝑉

= 𝑉  2𝜋𝑓𝐶  sin 2𝜋𝑓𝑡 + 𝜃𝑉 + 90𝑜

𝐼 𝜃𝐼

Recall:

𝑉 = 𝐼
1

2𝜋𝑓𝐶

𝑋𝑐

To capture effect on phase also:

𝑉 =  𝐼 𝑋𝑐 −𝑗 =  𝐼
1

𝑗 2𝜋𝑓𝐶

𝑍𝑐

= 𝐼 0 −  𝑗 𝑋𝑐

1∠ − 90𝑜

Resistance is zero in ideal cap

Impedance is purely

 “imaginary”
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Circuit Analysis Example

𝐼

𝑉𝑠

R

C

+

_

𝑍𝑐

=
1

𝑗 2𝜋𝑓𝐶

=
1

𝑗 𝜔 𝐶
  

𝑽𝒐

𝑽𝒐 =
𝑍𝑐

𝑅 + 𝑍𝑐
𝑽𝒔

=

1
𝑗𝜔𝐶

𝑅 +
1

𝑗𝜔𝐶

𝑽𝒔

=
1

1 + 𝑗𝜔𝑅𝐶
𝑽𝒔

=
1

1 + 𝑗
𝜔
𝜔𝑜

𝑽𝒔 𝜔𝑜 =
1

𝑅𝐶
where

𝑉𝑜

𝑉𝑠
=

1

1 + 𝑗
𝑓
𝑓𝑜

𝑓𝑜 =
1

2𝜋𝑅𝐶
whereOr, 

Frequency in Hz

Frequency in rad/sec
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Today’s Topics

•Complex Numbers and Operations

•Phasors, Impedance, and Circuit Analysis

•Plotting Frequency Response
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Frequency Response Plot(s)
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=
1
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𝑓
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𝑵𝑶𝑻𝑬:  𝑓𝑜 𝑖𝑠 𝑜𝑓𝑡𝑒𝑛 𝑐𝑎𝑙𝑙𝑒𝑑 𝑓𝑐 

for “corner” or “cutoff” frequency.

(a.k.a. half-power or -3dB frequency)

“Transfer Function” or “Gain”

Magnitude

Phase
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(Algebraic) Complex Number Calculators
Calc84 (Cellphone app)

https://education.ti.com/en/products/calculators/graphing-

calculators/ti-84-plus-ce-python

https://play.google.com/store

/apps/details?id=scientific.gr

aphing.calculator.t84.t36.t83&

hl=en_US&gl=US
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(RPN) Complex Number Calculators

https://www.swissmicros.com/productshttps://literature.hpcalc.org/community/hp42s-om-en.pdf
https://thomasokken.com/free42/

Free 42s for Cellphone !

The original HP42S
Re-creation by Swiss Micros
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Thanks for Watching !
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Homework Problems

☺
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Application:  Radio/Wireless
From  Radio Design 101 

Episode 1- Transceivers and (Bandpass) Filters

𝑍1 𝑍2

𝑉𝑠 𝑉𝑜

+

-
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Homework 6.1  (Resonant Circuits)

HINT:  Do pairwise reduction for 

quicker solution, with more insight

@ 98 MHz:     

50 - j 1K

1.6p

Z = 

j 1K

1.6u

50
- j 4.2

6.8n
Z = 

390p

j 4.2
@ 98 MHz:     

See  Radio Design 101, Episode 1
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Application:  Radio/Wireless
From  Radio Design 101 

Episode 2- Impedance Matching
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Homework 6.2  (Matching Networks)

HINT:  Do pairwise reduction 

for quicker solution, with more 

insight …

50

- j 380

4.2p
Z = 

620n

j 390
@ 100 MHz:     3K

- j 380

4.2p
Z = 

620n

j 390
@ 100 MHz:     

See  Radio Design 101, Episode 2
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